Lecture 1

Shallow water dynamics
and numerical dispersion ..

1.1 Shallow water equations (Quick reference)

Edit

The shallow water equations describe the dynamics of a hydrostatic, homoge-
nous fluid layer:

Ou 4+ udyu + voyu — fv+gdyn = 0 (1.1)
Opv + u0yv +voyv + fu+goyn = 0 (1.2)
O + 0z (hu) + 0y (hv) 0 (1.3)

where u and v are the two components of (horiztonal) velocity in the directions
of x and y, n is the free-surface displacement from mean sea-level and

is the total fluid depth. H(zx,y) is the resting fluid depth (or depth of topogra-
phy). f = 2Qsin(¢) is the Coriolis parameter and g is gravitational acceleration.
Note that the continuity equation could equally be written

Oth 4 05 (hu) + 0y (hv) =0

The shallow water equations conserve higher moments such as energy and po-
tential vorticity. These properties are easier to obtain from the more convenient
“vector invariant” form of the equations. Here, we make use o f the two relations

24,2

uOyu + voyu = 3z(u ;U ) — (0zv — Oyu)v
24,2

U0 +v0yv = ay(u —2|—v )+ (0zv — Oyu)u
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These allow the momentum equations (1.1 and 1.2) to be written

Ou—hqu+ 0z (gn+ K) = 0 (1.4)
o+ hqu+9y(gn+ K) = 0 (1.5)
where X 1
hg=f+(=f+(0v—0yu) and K:§u2+502_

Here, ¢ is the potential vorticity and K is the kinetic energy density. Taking
the curl of equations (1.4) and (1.5) gives the vorticity equation

¢ (hq) + 0z (hqu) + 0y (hqv) =0

which combined with the continuity equation gives the potential vorticity equa-
tion

0rq + u0rq + v0yq = 0.
Note that to get here, we made use of the property that curl of grad vanishes;
we will need to make sure this happens in discrete analogs. The kinetic en-
ergy equation is obtained by multiplying the momentum equations by « and v
respectively and adding the resulting equations:

MK +udy(gn + K) + 09, (gn + K) = 0.

Note that the (non-linear) Coriolis terms did not contribute to the kinetic energy
equation and we should make sure that this happens in the numerical analog.
Multiplying by h and adding the continuity equation multiplied by K and gn
gives:

O 0m” + ) + B [(gn + K] + 8, (g + K)he] = 0.

1.2 Inertia-gravity waves in 2-D :..

We previously analyzed inertia-gravity wave propagation on one dimensional
staggered grids. We now repeat the procedure for the linear shallow water
equations in two dimensions. They are:

Oru — fv+ gozn
0w+ fu+goyn =
o+ Hoyu+ Hoyv =

The corresponding dispersion relation of the inertia-gravity waves is:
w? = 2+ gH (kK +1?)

where k and [ are the mode numbers in the z and y directions respectively.
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Figure 1.1: Four natural arrangements of shallows water variables on quadri-
lateral grids.

There are four arrangements of the variables on a regular quadrilateral grid
(shown in Fig. 1.1) that treat the x and y directions symmetrically (i.e. a
coordinate rotation of +m/2 does not change the stencil).

Treating the time derivative as perfect, the corresponding models, using
centered second order spatial differencing, are:

o A grid:
Oy — fu+ &5# - 0
O+ fu+ Aiyajﬁj - 0
o + %&ﬂi—k%@ﬁj =0

e B grid:
ou — fu+ ééﬁj =0
v + fu+ Aiydjﬁi =0
O + %m@%&ﬁ = 0

e C grid:

8tu—f5ij+é5m B
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9

v + fu + Ay5ﬂ7 =0
o + %(&u—l— A£y5jv = 0
e D grid:
Ovu — fTY + é&mii = 0
O + fu + Aiyajﬁij =0
om + %6@” + Aﬂy&jﬁiﬂ' =0

We saw in section 7?7 a pattern where the operators d;¢ and 51 always led to

the expressions 2i sin k%”” and cos k%”” in the dispersion relation. Here, we will

use the following relations for the response functions:

RO:6) = 2isin 2% _ o,
R(6;¢) = 2isinm7y:2isl
R@) = s
R@) = cos Dl =

where sg, s;, ¢, and ¢; are short-hand for the trigonometric functions. We can
now write down the dispersion relations for inertia-gravity waves (by inspection):

o A grid:

4gH 4gH
s o= e Pga s P
w\ 2
or <?> = 1+7r3s2ci+ ris?cf
e B grid:
4g9H 49H
w? = fP+ AIQSic%—i— AyQSZQCz
w2
or <?> = 1+7r2s2ct + ris?ci
e C grid:
4gH 49H
2 _ 222 2 2
we = fi +AI23k+ AyQSl

2
w
or (—> = cicf + risi + rislz
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e D grid:
4gH 49gH
2 _ 222 2.2 2 2.2 2
w® = fleq +A:1:28kckcl + Ay2slckcl
w2
or (?> = (1+7r3si+ Tjsf)cicf

where 7, and 7, are resolution parameters:

2L4
Ty = E and Ty = A—y

and Lq = v/gH/f is the deformation radius.

These dispersion relations are plotted in Fig. 1.2 and 1.3. We see that
much of the analysis done in one dimension still holds, namely that the D
grid has stationary modes regardless of the resolutions and that most grids
have some group velocity sign errors. However, previously we concluded that
the 1-D B grid did well but we see here that the frequency is underestimated
for short two-dimensional waves at both high and low resolution. Indeed, the
better grid at high resolution is arguably the A grid but even that has group
velocity errors. At high resolution, the only grid that produces a monotonically

increasing frequency (i.e. one with group velocity pointed in the right direction)
is the C grid.
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Figure 1.2: Inertia-gravity wave dispersion relations on the Arakawa grids
A,B,C and D for coarse resolution. The resolution parameters are 7, = r, = 0.5.

A grid B grid

C grid D grid

Figure 1.3: Inertia-gravity wave dispersion relations on the Arakawa grids
A.B,C and D resolving the deformation radius. The resolution parameters are
Tg =Ty = 2.
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1.3 Rossby waves on staggered grids -..

The linear shallow water models of the previous section all permit the geostrophic
modes or Rossby waves. In the continuum, deriving the Rossby wave dispersion
relation is usually done by expanding the flow in a small parameter (the Rossby
number):

U = U,+ Roui +...
Vo= U+ Rovi + ...
no o= 770+R0771+'-'

Substituting into the beta-plane (f = f, + Sy) SWE’s and keeping only leading
order terms gives:

fvo - gazno
Juo = _gayno
H(0puo + 0yv,) = 0

Note the time-derivative is assumed of order R, relative to the Coriolis term.
At the next order we have:

Oy — fv1 — Byve + g0 =
Orvo + fur + Byue + goym =
Omo + H(Opu1 + Oyv1) =

Forming the vorticity equation from the order R, momentum equations:
815(0 + f((?xul + 8y’01) —+ ﬂ’UO = O

Combining with the order R, continuity equation we then get the potential
vorticity equation:

8i&Co - éatno + Bv, =0

or
9 o2 f g
h(=V o = F71lo _8xo:O
i ( 7V e g )+ 8 70
The dispersion relation is then
—BL%k

YT ER )
The equivalent analysis can be made on each of the staggered grids used

in the previous section. Here, we will simply give the form of the geostrophic
balance, PV equation and resulting dispersion relation:
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e A grid:

Geostrophy
PV
Dispersion
e B grid:
Geostrophy
PV
Dispersion
e C grid:
Geostrophy
PV
Dispersion
e D grid:
Geostrophy

PV

Dispersion

f_Tg(%ﬁj
L2 —11 Ld ﬁLd —1,
9 (A 5 0idT] +A 6JJ77JJ_77) +A—51 =0

—BLgryskeic}

’Ug: Ug:

9 i .
foém ;

w= 1+ Tzskck + 1"2$l20l2
-9
Vg = fA ——01  ; ug= Ay —=—4,;7
L2 L2 L2 )
—BLd%Skck
w =
1+7r2s3c] +r2sict
- s —g
=9 5 ij _ Y
Vg fo ;o Ug TAy 57
L 1% —iijj BLE .
O (Adz 0ii) A;Q 0551 =] ‘”) + —Axd&m =0
__ —BLareskerc}
cicf + 7’%5% + 7’58?
—7 _ g =1ij . —j Y 5 —ij
Yot T AL e T Ay
L2 L2 BL2 .
8 (A 26“77+A25”77 77)+A—5 ‘”:O
—BLdrmsmcl
14282 ‘4 7231

The denominator of each dispersion relation reflects the inertia-gravity wave dis-
persion relation. Indeed, it is the deficiencies of the denominator that dominates
the behavior of the discrete Rossby wave dispersion. The dispersion relations
are plotted in Figs. 1.4 and 1.5.

1.4 Higher moments in discrete SW models -

We derived the energy and potential vorticity equations for the SWEs in sec-
tion 1.1. These conservation equations and properties do not necessary carry


http://localhost/~debuser/php/edit.php/numfl/aa-07?moments

12.950 Atmospheric and Oceanic Modeling, Spring 04

B grid

A grid

D grid

C grid

Q
&
AN
SN
R
X%
R

R

&
,,N,
N

\

0
A

O

4
i
W\
i\

\

"

X0
e
o

e

"
0

Figure 1.4: Rossby wave dispersion relations on the Arakawa grids A,B,C and

D resolving the deformation radius. The resolution parameters are r;, =, = 5.
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Inertia-gravity wave dispersion relations on the Arakawa grids

A,B,C and D for coarse resolution. The resolution parameters are 7, = r, = 0.2.

Figure 1.5:
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through to the discrete models though with some effort we can generally find a
discretization that does exhibit some form of higher order conservation.
The natural discretization of the continuity equation on any grid is

AzAydn + 6;(AyU) +§,;(AzV) =0

where U = hu and V = hv are the thickness wieghted flow. On a C grid, the
natural choice for U and V is

U:Eiu
Vv = R

Suppose that we write the momentum equations as

O = —é&(gn +K)+ g7
o = —Aiyéj(gn—i—K) —qul
we can then see that the contributions to the total energy equation are
AzAy gndm = —gndi(AyU) — gné;(AzV)
AzAy Koh = —K§,(AyU) — K§,;(AzV)
AzAy Udu = —AyUd;(gn+ K) + AwAyUﬁj
AyAz Vow = —AxVij(gn+ K) — A:vAquUji

Summing over all points in the domain, we can see due to the symmetry or skew
symmetry properties of each term mean that all terms cancel giving

Z AxAy (gnon + Koh) + Z AxzAy Udyu + Z AyAz Vo = 0

ij ij ij

which holds if K = %(FZ + v_zj). Another way to show this is to consider the
total energy equation at the n points which involves averaging the contributions
of the kinetic energy equation. For instance

andi(AyU) + AyUsi(gn) = (g AyU)

which is a difference of a flux and so conservative.

The above discretization of the shallow water equations is the energy con-
serving scheme proposed by Sadourny (1975). An alternative form that also
conserves energy is

=i

) 1
yu— g7 v + 10l +K) = 0

-
e 1
0w +77hu +A—y5j(g77+K) = 0
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but does not seem as natural. Sadourny also proposed a potential enstrophy
conserving scheme:

g

= 1

it Ji 1
0w +7q'hu +A—y5j(977+K) =0

The corresponding vorticity equation is

Ji iJ

B: (8:(Ayv) — 8;(Azw)) + 6 (Ayghu )+ 6;(AagHv ) =0

which can be written

Ji j

Aa:Ay@t(qﬁij) + 51-(Ay§iﬁiu )+ 5j(Ax§jEjv )=0

Since

Ji iJ

AxAthﬁij + (MAyEiu )+ (%(Awﬁ% )=0

then

Ji J

A:vAy@t((fﬁij) + 5i(qu~2iﬁiu )+ 6 (A:vquﬁjv )=0

where the tilde indicates a geometric average rather than an arithmetic average.

The potential enstrophy scheme does not conserve energy in general but hap-
pens to conserve energy in the special limit of pure rotational flow. Sadourny
(1975) discusses the relative merits of conserving energy and potential enstro-
phy. Arakawa and Hsu (1990) describe a much more complicated scheme that
conserves energy and dissipates enstrophy. Energy conservation is argued to
ensure numerical stability since the flow must remain bounded. Potential en-
strophy conservation does not guarantee a bounded solution since it does not
prevent growth of the divergent part of the flow. However, Sadourny found the
potential enstrophy conserving scheme to be more stable (see Fig. 1.6); while the
energy conserving model does not conserve potential enstrophy in practice, the
potential enstrophy conserving model does seem to conserve energy (in practice
though not formally).
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Figure 1.6: The evolution of potential enstrophy (Z) and energy (e) in (left) the
energy conserving model and (right) the potential enstrophy conserving model.
Reproduced from Sadourny, 1972 (JAS), without permission.
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